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Abstract

The main object of this paper is to study some properties of the class UCT(«, 3),
the subclass of S consisting functions of the form

o0
flz)=2-=) anz",a, >0, ¥n>2,
n=2

used by Carlson and Shaffer operator. We obtain necessary and sufficient condition
for a subclass of uniformly convex functions and corresponding subclass of starlike
functions with fixed second coefficient defined by Carlson and Shaffer operator for
the function f(z) € UCT(«, ). Furthermore, we obtain extreme points, closure
properties for f(z) € UCT(«, ) by fixing second coefficient.

1. Introduction

Denote by S the class of functions of the form
o
fR) =2+ an2" (1.1)
n=2

245



246 S. V. Parmar and S. M. Khairnar

that are analytic and univalent in the unit disc U = {z : |z| < 1} and by ST and C'V the
subclasses of S that are respectively, starlike and convex. Goodman [4, 5] introduced
and defined the following subclasses of C'V and ST.

A function f(z) is uniformly convex (uniformly starlike) in U if f(z) is in CV (ST
and has the property that for every circular arc « contained in U, with center £ also in
U, the arc f(7) is convex (starlike) with respect to f(£). The class of uniformly convex
functions is denoged by UCV and the class of uniformly starlike functions by UST'. It

is well known from [[9], [10]] that

feucy o ‘Zf”(j)

e ‘SR{J{(())}

In [10], Rgnning introduced a new class of starlike fucntions related to UCV defined as

fes e

!/ /
SCIECN
f(z) f(z)

Note that f(z) € UCV < zf'(z) € Sp. Further, Rgnning generalized the class S, by

introducing a parameter a, —1 < o < 1,

2f'(2)

feSa)e )

—1‘§Re{zf/(z)—a}.

f(2)

Now we define the function ¢(a,c; z) by

dla,c;2) =2+ Z (@)n-1 2", (1.2)

for ¢ #£0,—-1,-2,--- ,a # —1;z € U where (\),, is the Pochhammer symbol defined by

I'(n+ )

(A)n = (F(}\)

L; n=20
- {)‘()\-1-1)()\4—2)---()\4—71—1), nE:{1,2,-..}} (1.3)
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Carlson and Shaffer [3] introduced a linear operator L(a, c), defined by

L(a,0)f(z) = ¢(a,¢2)x f(2)

. (a)n,1 n
= z+nzz:2 (O apnz", z €U, (1.4)

where * stands for the Hadamard product or convolution product of two power series

o(z) = Z opz" and Y() = Zd}nz”
n=1 n=1
defined by
(P 9)(2) = p(2) x P(2) = Y pnthnz".
n=1

We note that L(a7 a)f(z) = f(z)v L(27 l)f(z) =z f; (Z)> L(m + 1, 1)f(2) = Dmf(z)a
where D™ f(z) is the Ruscheweyh derivative of f(z) defined by Ruscheweyh [11] as

z

D™ f(z) = A= « f(z), m>-—1, (1.5)
which is equivalently,
m z d" o
D™ f(z) = ﬁdzim{z Lf(2)}

Definition 1.1 : For f > 0,—1 < a < 1, we define a class UCV («, ) subclass of S

consisting of functions f(z) of the form (1.1) and satisfying the analytic criterion

(L@fE) | f)”
Re{ Claof@)y }25 (L, f'(2))

We also let UCT (v, ), the subclass of S consisting of functions of the form

, zeU. (1.6)

f2)=2=) an?", an>0, Vn>2. (1.7)
n=2

The main object of this section to obtain necessary and sufficient condition for a
subclass of uniformly convex functions and corresponding subclass of starlike functions

with fixed second coefficient defined by Carlson and Shaffer operator for the function
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f(z) € UCT(«,3). Furthermore, we obtain extreme points, distortion bounds and
closure properties for f(z) € UCT (e, 3) by fixing second coefficient.
2. The Class UCT(«, )

Firstly, we obtain necessary and sufficient condition for functions f(z) in the calsses
Ucv(a,p).

Theorem 2.1 : A function f(z) of the form (1.1) is in UCV («, ) if

> nn(1+8) = (a+B)] EZ))::% <1l-a, (2.1)

n=2

Proof : If suffices to show that

(LI [2(L@af))
S a0 i) R{ L(a,0) /() }<1
‘We have
(L AT o [2(L@afE)) -
| wmoarzy | " { (La,0) (= }<1 ’
(1+5) 22n<n - 1)‘{;3“—; |
< n=

The last expression is bounded above by (1 — «) if

f: n(l+p5) — a+6)](g:j|anl <1-a,

and hence the proof is complete.
Theorem 2.2 : a necessary and sufficient for f(z) of the form (1.7) to be in the class
UCT(a,B),—1 <a<1,8>0is that

i n(1+8) — (a+ 8] Y=g, < 1—a (2.2)

n=2
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Proof : In view of Theorem 2.1, we need only to prove the necessity. If f(z) €

UCT(a, ) and z is a real then

which gives

— > n(n-1) ((Z;"‘i a, 2" 1+ (1 —a) [E n((zg"‘i anznl}
n=2 - —92 n-
=
L= X nisansn!
oo
Y n(n—1) (Z):j a2t

Letting z — 1 along the real axis, we obtain the desired inequality

langl_a7

i (14 8) — (a+B)] o=

n=2

—-1<a<1,8>0.

Corollary 2.1 : Let the function f(z) defined by (1.7) be in the class UCT (v, 3). Then

(1 =) (¢)n
nn(l+B) — (a+ B)l(a)n

Remark 2.1 : In view of Theorem 2.2, we can see that if f(z) is of the form (1.7) and

an <

is in the class UCT (v, B) then

(1—a)(c)
22+ 8- a)a) (2:3)

By fixing the second coefficient, we introduce a new subclass UCTy(av, ) of UCT (v, B)

ag =

and obtain the following theorems.

Let UCTy(c, 8) denote the class of functions f(z) in UCT(«, ) and be of the form

B b(1 — a)(c)
f(z)=2— @) Zan (an >0),0<b< 1. (2.4)
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Theorem 2.3 Let the function f(z) defined by (2.4). Then f(z) € UCTy(«, 8) if and

only if

- (a)n—1

nn(l+B) = (a+5)]

n=3

-1<a<1,8>0.

an < (1-0)(1—-0a) (2.5)

Proof : Substituting

B b(1 — «)(c)
2= h-a)@ oS!

in (2.2), we obtain

22+ 6 — oz)(é;ag + Zn[n(l +B) — (a+ B)]
n=3

which gives

which is the desired result.

Corollary 2.2 : Let the function f(z) defined by (2.4) be in the class UCTy(a, f).

Then
(1=5)(1 = a)(c)ns
Qp > s 2.6
W15 ) o+ B @) 20
n>3-1<a<1,B>0.
Theorem 2.4 : The class UCTy(«, ) is closed under convex linear combination.
Proof : Let the function f(z) be defined by (2.4) and g(z) defined by
bl-a)(c) ,
=z— — )y dp2", 2.
96 =2 s s aya)” Z; : (2.7)

where d, > 0and 0 < b < 1.
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Assuming that f(z) and g(z) are in the class UCTy(«, ), it is sufficient to prove

that the function H(z) defined by

H(z=M(z)+(1-MNg(z), 0<A<1 (2.8)

is also in the class UCTy(av, B).

Since

B b(1 — «)(c)
) = = i@

- i{xn + (1= A)dp}2", (2.9)
n=3

ap > 0,d, > 0,0 <b<1, we observe that

(“>"i Dan + (1 — Ny}

o (¢)n—

3
<(1-b)(1-a) (2.10)

WE

nn(l+f) — (a+ B)]

which is, in view of Theorem 2.3, implies that H(z) € UCTy(av, B).
This completes the proof of the theorem.

Theorem 2.5 : Let the functions

L a0 K,
fj(Z)_Z 22+ B — a)(a) ? 7;’ n,j% (2.11)

an; > 0 be in the class UCTy(c, B) for every j (j = 1,2,3,--- ,m). Then the function

F(z) defined by
F(z) =) nif;(2), (2.12)
j=1

is also in the class UCTy(av, B), where

> =1 (2.13)
j=1
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Proof : Combining the definitions (2.11) and (2.12) further by (2.13) we have

_ b(1 —a)(c) N T
FG) =2=55 5= @ =T nZ:?) (;Maw) . 240

Since fj(z) € UCT, (e, B) for every j =1,2,--- ,m, Theorem 2.3 yields

i n(1+B) — (a + B)] (“)"*1%,]- < (1-b)(1 - a). (2.15)

n=3 (

Thus we obtain

Z [ ( +5) (O‘+B Z (Zﬂjanj)

- ( nn(l+ ) — a+5)]> Oy
j=1 \n=3 n-
<(1-0b)(1-
in view of Theorem 2.3. So, F(z) € UCTy(c, B3).
Theorem 2.6 : Let
fa(z) = 2 — 2(52 /; f)éj)(a) 22 (2.16)
and
fulz) = o), UZbI=a)On1 0 (g

— z
22+ B-a)(a)”  nn+p) = (a+B)(a)n
for n =3,4,---. Then f(z) is in the class UCTy(«v, ) if and only if it can be expressed

in the form

= Aafal2), (2.18)
n=2

o0
where A\, >0 and > A, =1.
n=2



On Subclass of Uniformly Convex and Starlike functions by Fixing Second Coefficient... 253

Proof : we suppose that f(z) can be expressed in the form (2.18). Then we have

b1 -a)(e)
22+ 5 a)(a)

) (1= B)(1 = a)(0)n 1 -
E:A 21+ B) — (@ + B)(@n

=z Z Ap2", (2.19)
n=2

flz) =

where
_ b1 =a)(c)
Az = 202+ 6 — «)
_ An(1=0)(1 — a)(¢)n-1
"o+ 8) — (a+B)l(a)n’

(2.20)

N

=34, . (2.21)

Therefore,

S a1+ 8) - (a+ 7)Y a,

n=2 ()n-1

=b(1—a) io: An(1=0)(1—«)

= (1= a)lb+ (1 Xa)(1 D)

<(1-a), (2.22)
It follows from Theorem 2.2 and Theorem 2.3 that f(z) is in the class UCTy(«, ).
Conversely, we suppose that f(z) defined by (2.4) is in the class UCTy(cv, 8). Then by

using (2.6), we get

(1-b)(1 - a)(e)n-1
" 1 B) e+ @ Y 229
Setting
[n(1+8) = (a+ B)](a)
An T R (n > 3) (2.24)
and
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we have (2.18). This completes the proof of Theorem 2.6.
Corolalry 2.3 : The extreme points of the class UCTy(«, ) are functions fy,(z),n > 2
given by Theorem 2.6.
3. The Class UCT,, i(c, 5)
Instead of fixing just the second coefficient, we can fix finitely many coefficients. Let

UCTy, k(a, 8) be the class of functions of the form

Ny bn(1 — a)(c)p—1 _—
IO =50 i+ 5+ Al % g &y

k
where 0 < >~ b, = b < 1. Note that UCTy, 2(ar, 8) = UCT}(a, B).

n=2

Theorem 3.1 : The extreme points of the class UCTy, i(c, B) are

k 1 — Oé)(C)n 1 n
nzzn 1+5 (a+ B)(@nt1
and
. e bn(l — a)(c)n—l P
f(n(z) = ngz nnl+B) — (a+ B)](a)n-1

o0

B (1-b0)(1—a)(e)p-1 n
Z 1+5 (a+Bl(a)n-1"

k:+1

- . - b (1 — a)(C)n—1 N
a 2 [n(1+8) = (a+ B)l(an—

n=2

B (1-=0)(1—a)(c)p-1 z”
Z 1+5 (4Bl a)n

k+1

The details of the proof are omitted, since the characterization of the extreme points
enables us to solve the standard extremal problems in the same manner as was done for

UCTb(CY, /8)
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